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Abstract

The separation axioms in particular that concerned with ideal topological spaces are
discussed widely in the literature because they classify the spaces depending on the
validity of each axiom of separating either the points or the subsets. In this work, new
type of separation axioms in ideal topological spaces are defined which is more natural
than these appear in the literature. This new classis of separation axioms depends on the
notion of pre-8-open. Properties of these sorts are studied and the relationships among

these concepts are discussed.
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1. Introduction

A nonempty collection I of subsets in a top-
ological-space (X, T) is said to be an ideal if it
satisfies

o Aeland B < A implies 3 € I.
e AelandBelimplies AUB € 1.

A topological-space (X, T) with an ideal T is
called an ideal topological-space or simply
ideal space. If P(X) is the set of all subsets of
X, a set operator (-)*: P(X) —» P(X) is called a
local function [1] of a subset A with respect to
the topology T and ideal I, which is defined as
AXT) = {xeX: WNA &L VW €
T(X)} where TX)={WeT:xeW}. A
kuratowski closure operator cl*(-) for a topol-
ogy T*(I, T), called the *-topology; finar than
T is defined by cl*(A) = A*(I,T)UA [2].
Levine [3]; velicko [4] introduced the notions
of generalized closed (briefly g-closed) and 6-
closed sets respectively and studied their basic
properties. The notion of Ig-closed sets first
introduced by Dontchev [5] in 1999;

Navaneetha Krishanan and Joseph [6] further
investigated and characterized Ig-closed sets.
Julian Dontchev and Maximilian Ganster [7];
Yuksel; Acikgoz and Noiri [8] introduced and
studied the notions of &-generalized closed
(briefly dg-closed) and §-1-closed sets respec-
tively.

Pre-5-closed sets a novel type of sets that
will be defined in this paper with fundamental
characteristics.

In this paper we define some topological
concepts called & - T;-space and pre-6-T;-
space [for all i =0, 1, 2] in the context of ideal
topological spaces, and we study the relation-
ship among these structures.

2. Fundamental Concepts

Definition 2.1. Let A subset of a topological-
space (X,,I) is said a:

e Semi-open set [9] if A C cl(int(A)).

e Semi-closed set [10] if int(cl(A)) € A.

e Pre-openset [11]if A € int(cl(A)).
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e Pre-closed set [12] if cl(int(A)) € A.

e Regular open set [13] if A = int(cl(A)).

e Regular closed set [14] if A =
cl(int(A)).

The semi- closure (respectively, pre-
closure) of a subset A of (X, T) is the inter-
section of all semi-closed (respectively, pre-
closed) sets containing A and is denoted by
scl(A) (respectively, pcl(A)).

Definition 2.2. [8] Let (X, T,I) be an ideal
topological-space, let A a subset of X and x is
a point of X. Then: x is called a §-1-cluster
points of A if AN(int cl*(W)) # ¢ for all
open neighborhood W of x.

The family of each §-I-cluster points of A is
said the §-I-closure of A and is denoted by
[A]s—5- A subset A is called to be §-I-closed
|f [c/l]é‘_]] = c/q

The complement of a §-I-closed set of X is
called to be &-I-open.

Remark 2.1. We can write [A]s_ ={x €
X:int(cl* W)NA += ¢ , for all W e
T(X)}. We use the notation ocl(A) =[A]s_1-

Lemma 2.1. [8] Let A and 13 be subset of an

ideal topological-space (X, T,I). Then the

following properties satisfy:

o A C ocl(A).

o If A c 3, then acl(A) c ocl(3).

e ocl(A)=N{GgcX:AcGandgis6-I-
closed}.

o If A is d-I-closed set of X for all x € A;
then N{A: « € A} is §-I-closed.

e ocl(A) is 6-I-closed.

Remark 2.2. It is well-Known that the family
of regular open sets of (X, T) is a basis for a
topology which is weaker than T. This topolo-
gy is called the semi-regularization of T and is
denoted by T. Actually, T, is the same as the
family of §-open sets of (X, T).

Lemma 2.2. [8] Let (X, T, I) be an ideal topo-
logical-space, and Tg_; ={A < X : A is §-I-
open set of (X, T, I)}. Then Ts_; is a topology
suchthat T, c Tg_; < T.

Remark 2.3. [8] T, ( respectively, Ts_; ) is
the topology created by the family of §-open
sets (respectively, §-I-open sets).

Lemma 2.3. Let (X, T, I) be an ideal topolo-
gy space, and A a subset of X.

ocl(A) = {x e : A N int(cl*(W)) # ¢; for
each W € T(X)} is closed.

Proof. If x € cl(acl(A)) , and W € T(X), then
W N ocl(A) #+ o.

Theny € W N acl(A) for some y € X.

Since W € T(y) and y € acl(A), from the def-
inition of ocl(A) we have A N int(cl* (W)) #
¢. Therefore, x € acl(A). So cl(acl(A)) c
ocl(A) and hence acl(A) is closed.

Definition 2.3. Let (X,) be a topological-

space; a subset A of X is said to be :

e g-closed set [3] if cl(A) & W, whenever
Ac W and W is open in (X, T)

o (-closed set [4] if = cls(A); where &cl(A)
=clg(A)={x e X: (intclW)) N A+ o, W
€ T and X €e W}.

e ¢§-generalized closed set (short, §g-closed)
set [7] if cls(A) S W, whenever A € W
and W is open.

e g-closed set [15] if cls(A) S W, when-
ever A € W and W is g-Open set in (X, T).

Definition 2.4. Let (X, T, I) be an ideal
space. A subset A of is said to be:

lig-closed set [5] if A * € W, whenever A <
W and W is open in X.

Definition 2.5. [16] Let (X, T, I) be an ideal
space, a subset A of is called & -closed if
ocl(A) € W, whenever A < W, and W is
open in (X, T, I).

The complement of §-closed set in (X, T, I) is
called 5-open set in (X, T, I).

Definition 2.6. In ideal topological-space (X,
T, I); let A c X, A is called pre-§-closed if
ocl(A) € W whenever A € W and W is pre-
openin (X, T, ).
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The complement of pre--closed in (X, T, I) is
called pre-5-open set in (X, T, I).

Example 2.1. LetX = {eq,e,,e3}, T =

{X, Cl), {el}! {eZ}! {61, eZ}} ' I= {(l), {63}}'
Let A = {e;, e3} then A is pre-6-closed.

Remark 2.4. Each Pre-§-closed is §-closed,
but the opposite of is not true. It is clear from
the following example.

Example 2.2. Let X = {e;,e,,e5,e,4}; T =
{XJ (1); {el}y {eZ}! {ell ez}! {eZ’ 63}’

{el, ez, 33}}, and H = {(1), {el}}. Let c/q, =
{e,, e}, then A is §-closed but not pre-§-
closed.

Remark 2.5.

The collection of all §-closed sets in (X,,I)
denoted by §C(X), the family of all 5-open
sets in (X, T,I) denoted by §O(X).

The collection of all pre- § -closed sets
in(X,T,I) denoted by PSC(X), the family of
all pre-6-open sets denoted by P6O(X).

3. Pre-8-Separation Axioms

This section is to present new classes of sepa-
ration axioms by using the notion of pre-8-
open. Properties of these sorts were studied
and the relationships among these concepts
were discussed.

Definition 3.1. The ideal topological space
(X,T,I) is called 8-T,-space if for each pair of
distinct points x , y € X there exist an §-open
set containing only one of them.

Example 3.1. Let X = {eq,e;5,e3}, T =
{X, Q),A{e1}} and I = {0, {eq}}.
Then 6C(X) =
{X,0,{e;},{es},{ e, €2}, {e1,e3},{ ez e3}}

and 60(X) =
{X; ¢; { €1, 83}' { €1, eZ}' { eS}r { eZ}r { 31}}.
Then (X, T, I) is a 8-T-space.

Definition 3.2. The ideal topological space (X,
T, I) is called pre-8-T,-space (briefly p8-T, -
space) if for each pair of distinct points x ,y €
X there exist an pre--open set containing
only one of them.

Example 3.2. In (X, T, I), X = {eq, e3, €3},
T= {X, ?,{e1} {ez}, {ey, ez}}; I= {Q)» {33}},
the family of pre-open subsets of X is PO(X) =
{X, 0,{e1},{e1, ez}, {ez}}-

And 8C(X) ={X,0,{es}, {e1, e3},{es e3}}.
Also, PO(X) = {X, 0, {e;, e;}, {e;}, {e1}}.
Then (X, T, I) is a p8-T,-space.

Theorem 3.1. The ideal topological space (X,
T, 1) is a p6-T,-space if and only if for each
elements x # y there is a pre-&-closed set
containing only one of them.

Proof. Let x and y are two distinct elements in
X. Since X is a pé-T,-space, then there is a
pre-§-open set U containing only one of them,
then \U is a pre-6-closed set containing the
other one.

Conversely. Let x and y are two distinct ele-
ments in X. And there is a pre-5-closed set V
containing only one of them. Then \V is a pre-
5-open set containing the other one.

Proposition 3.1. If (X, T, I) is a pS-T,-space
then (X, T, I) is a §-Ty-space.

Proof. Let x and y are two distinct elements in
X. Since (X, T, I) is a p6-T,-space,

then there is a pre-§-open set U containing
only one of them. Since every pre-§-open set
is a §-open set, then U is a 5-open set. Then
(X, T, I) is a 6-T,-space.

Definition 3.3. The ideal topological space (X,
T, I) is called pre-&-T-space (briefly pé-T;-
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space) if for each elements x # y, there is
pre-§-open sets U, U,, satisfies x € U; \U,
andy € U\ U;.

When (X, T, I) is a p5-T,-space, it will lead to
that (X, T, I) is a 6-T,-space.

Example 3.3. LetX = {e;, e,,e3}, T = P(X)
and I = @, then §O(X) = §C(X) = PSO(X) =
PSC(X) = P(X). Then (X, T, I) is a ps-T;-
space.

Proposition 3.2. If (X, T, I) is a p5-T,-space
then (X, T, ) is a 6-T;-space.

Proof. Let x and y are two distinct elements in
X. Since (X, T, I) is a p5-T;-space, then there
is pre-§-open sets U, V such that x € \V and y
e V\U. Since every pre-§-open set is a §-open
set. Then, U and V are a §-open sets. Then
(X,,I) is a §-T,-space.

Proposition 3.3.1f X is a p5-T;-space, implies
that p&-T,-space.

Proof. Let x and y are two distinct elements in
X. Since (X, T, I) is a p5-T;-space, then there
exists pre-&-open sets U, V, whenever x €

\V, y € P\U. Then there is a pre-6-open set U
containing only one of them. Then, X is a ps-
T,-space.

Remark 3.1. The inverse meaning implied in
Proposition (3.3) does not true, in general, the
following example explains this fact.

Example 3.4. The ideal topological space (X,
T, 1) is a p5-T,-space, where X = { e, e, e},
T = {X; o,{e, e}, {e} { e}, { e 93}} and
I = {}. Then, PO(X) = {X,0,{ e}, { &1, €2},
{ez,e3},{ez}} . And, P § CKX) =
{X; o,{es} {exes}{e} {en 93}} . Also,
) oXx) = {X, o, {en e}, {e1}, {ex},
{ e,, e5}}. The ideal topological space (X, T, I
is not p&-T; -space.

10

Since for the elements e; # e, there is no pre-
5-open set U containing e; which does not
contain e,.

Theorem 3.2. For any ideal topological space
(X, T, I),itisa pS-’Jl‘l-space if and only if for
all elements x # y, there exists two pre-§-
closed sets W, and W, such that x € W,;\ W,
andy € W,\W,

Proof. Let x and y be two distinct elements in
X. Since X is a p§-T;-space, then there is two
pre-5-open sets U,, such that x e U\V,y €V
\U. Then there exists pre-§-closed sets X \U
and X\V, such that x € X\V - X\U, y € X\U
- X\V, where W; = X\V and W, = X\U.
Then there exists two pre-§-closed sets W,
and W, satisfy, x e (W; N Wy) and y € (W,
N Wy), therefor x € (W,-W,) andy € (W,-
w,).
Conversely. Let x and y be two distinct ele-
ments in X, and there exists two pre-§-closed
sets W; and W, satisfy, x € (W; N Wy) and
y € (W, N Wy). Therefor x € (W,-W,) and
y € (W,-W;,). Then there exists pre-&-open
set (X - W))and (X - W,), whenever x € X \
W, - X\W,;,y eX \W, - X \W,, where
U=X\W,andV =X \W,.

Proposition 3.4. If {x} is a pre-6-closed set
forall x € X, then (X, T, I) is a p5-T-space.

Proof. Let x and y be two distinct elements in
X. {x}, {y} are pre-6-closed sets. So \{x}and
X \{y} are pre-6-open sets. Then there exists
pre-5-open sets U and V, where U = \{y} and
V =X\{y}such thatx e U\V andy € V\U.
Then (X, T, ) is a p§-T,-space.

Definition 3.4. The ideal topological space
(X, T, I) is called §-T,-space if for all ele-
ments x # y there is disjoint §-open sets U
and V satisfiesx € Uandy € V.

Example 3.5. Let X = {e;,e5,e3}and T =
{X, 0, { e1}} be atopology on X with an ideal
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I = {o,{es}}. Then §C(X) =

{X: 9, { eZ}: { 63}1{ €1, eZ}: { €1, 63}1 { €y, 63}}!
50(X) =

{X, 2, { €1 63}! { €1 eZ}J { 63}){ eZ}) { el}}'
Then (X, T, I) is §-T,-space.

Definition 3.5.

The ideal topological space (X, T, I) is called
pre-§-T,-space (briefly ps-T,-space) if for all
element x # y there is disjoint pre-§-open
sets U and V satisfiesx e Uandy €.

Proposition 3.5. If (X, T, I) is a pS-T,-space
then (X, T, I) is a §-T,-space.

Proof. Let x and y are two distinct elements in
X. Since (X,,I) is a pé-T,-space, then there
are two pre-§-open sets U and V satisfying
x €Uy e PVandUNV = 0.

Since every pre-é-open set is a §-open set.
Then U and V are é-open set satisfy x e
U,y e Vand NV =o.

Proposition 3.6. If the ideal topological space
(X, T, I) is a p5-T,-space then it is a p4-T;-
space.

Proof. Let x and y be two distinct elements in

X. Since (X, T, 1) is a p6-T,-space, then there

exists pre-5-open set U and V, satisfy x € U, y

e Vand U N V =¢. Then there exists pre-6-

openset U and V,suchthatx e \Vandy €V
\U.

Remark 3.2. The inverse meaning implied in
Proposition (3.6), does not true in general by
the following example.

Example 3.6. Consider the ideal topological
space (X, T, I) such that X = N, the set of all
natural numbers, T = T, , the set of all
complement finite topology and I = {9}.

Then, PO(X) = {U < N is an infinite set} U
{0}, and PSO(X) = T = T,,, P6C(X) ={U <
X: U is afinite set } U X. It is clear that (X,,I)
is a p5-T-space, but it is not p4-T,-space.

Remark 3.3. From the previous properties,
we can get that if (X, T, I) is a pS-T;-space,
i = {0,1,2}. Then the ideal topological space
(X, T, I) is a 6-T;-space. But the inverse
meaning implied may be void, as shown in the
Diagram(1).

| 8-T,-space | —

| 5-T,-space | -

| 8-T,-space |

1

1

T

| p8-T,-space | —

| p8-T,-space | —

| p8-T,-space |

Figurel: Relationships among the ps-T;-spaces and §-T;-spaces.

4. Conclusions
New type of separation axioms are defined
and discussed, it is called pre-& separation
axioms. They are more natural than these
appear in previous works. The relation-

11

ships between pre-8 — T; spaces are found,
see Figure 3.1. The properties that appear
in this work hold in ideal topological space
rather than topological space.
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